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Abstract
We study the relation between the partition function of a non–relativistic particle,
that describes the equilibrium fluctuations implicitly, and the partition function of
the same system, deduced from the Langevin equation, that describes the fluctuations
explicitly, of a bath with additive white–noise properties. We show that both can
be related to the partition function of an N = 1 supersymmetric theory with one–
dimensional bosonic worldvolume and that they can all describe the same physics,
since the correlation functions of the observables satisfy the same identities for all
systems.The supersymmetric theory provides the consistent closure for describing the
fluctuations, even though supersymmetry may be broken, when their backreaction is
taken into account. The trajectory of the classical particle becomes a component of a
superfield, when fluctuations are taken into account. These statements can be tested
by the identities the correlation functions satisfy, by using a lattice regularization of
an action that describes commuting fields only.
PACS: 02.50Ey, 02.70Uu, 03.65Ca, 05.10Gg, 11.15Tk, 11.30Pb.
The stochastic approach for describing the dynamics of commuting degrees of freedom starts
with the Langevin equation in the presence of, additive, white noise
∂φ(t)
∂t
= −
∂U(φ)
∂φ(t)
+ η(t) (1)
where t is the equilibration time. The field, η(t), is a Gaussian stochastic process:
〈η(t〉 = 0
〈η(t)η(t′)〉 = νδ(t− t′)
〈η(t1)η(t2) · · ·η(t2n)〉 =
∑
pi
〈
η(tpi(1))η(tpi(2))
〉
· · ·
〈
η(tpi(2n−1))η(tpi(2n))
〉 (2)
where the sum is over all permutations. The qualification “additive” means that the coef-
ficient of the noise term does not depend on the dynamical variable(s), φ and can be taken
as a constant, whose value can be set to 1.
Depending on the interpretation given to this coefficient, the fluctuations are quantum,
thermal, or due to disorder, if the coefficient is identified with ~, kBT and the strength of
the disorder respectively. We shall use language appropriate for the quantum case, but the
formalism is general.
If U(φ) is a local functional of φ, in particular, if
∂U(φ)
∂φ
=
∂φ(τ)
∂τ
+
∂W (φ)
∂φ(τ)
(3)
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where τ ∈ R andW (φ(τ)) an ultralocal functional of φ(τ), we obtain the following stochastic
equation for φ(τ):
∂φ(τ)
∂τ
+
∂W
∂φ(τ)
= η(τ) (4)
This is the Langevin equation that describes, for example, quantum mechanics, i.e. a quan-
tum field theory in one Euclidian dimension. The essential difference to eq. (1) is that we
are not interested, only, in the limit τ → ∞, but in the solution for all values of τ . This
assertion is meaningful only at the level of the correlation functions, of course.
In this case, η(τ) is a Gaussian stochastic process, whose correlation functions obey the
same identities as in eq. (2), only the time is, now, the Euclidian time.
We are interested in the correlation functions, 〈φ(τ1)φ(τ2) · · ·φ(τn)〉, of the field φ and
the identities that constrain them. This information can be obtained from the partition
function of the noise, that describes the properties of the correlation functions of the noise
and the Langevin equation, that defines the change of variables from the noise, {η(τ)} to
the field {φ(τ)} [1, 2].
What we wish to point out is that there are three partition functions that can be used
to define these correlation functions:
ZL =
∫
[Dφ] det
(
d
dτ
+W ′′(φ)
)
sign
(
det
(
d
dτ
+W ′′(φ)
))
e−
∫
dτ 1
2
φ˙2+V (φ)
ZQM =
∫
[Dφ] e−
∫
dτ 1
2
(φ˙+W ′(φ))
2
ZSUSY =
∫
[Dφ][Dψ][Dχ][DF ] e−S[φ,ψ,χ,F ]
S[φ, ψ, χ, F ] =
∫
dτ
{
1
2
φ˙2 −
F 2
2
+ FW ′(φ)−
1
2
(
ψχ˙− ψ˙χ
)
−
1
2
W ′′(φ) [ψ, χ]
}
(5)
where V (φ) = (1/2)(W ′(φ))2 up to a constant and periodic boundary conditions imply
that the mixed term, φ˙W ′(φ), which is a total derivative, doesn’t contribute. The periodic
boundary conditions can be shown to imply that ZSUSY does, in fact, compute the Witten
index [3].
The auxiliary field, F (τ) is introduced [4] in order to realize the transformations that
map commuting to anticommuting fields and have anticommuting parameters linearly in the
fields. Since there is considerable variation in the conventions, that can lead to confusion,
we provide an example of the transformations,
Q1φ = −χ Q2φ = ψ
Q1χ = 0 Q2χ = φ˙− F
Q1ψ = −φ˙− F Q2ψ = 0
Q1F = χ˙ Q2F = ψ˙
(6)
that leave SSUSY invariant, δ1S = ζ1Q1S = 0 = δ2S = ζ2Q2S, up to total derivatives, that are
nilpotent, Q21 = 0 = Q
2
2 and whose anticommutator closes on the generator of translations,
in Euclidian time, {Q1, Q2} = −2(d/dτ)⇔ [ζ1Q1, ζ2Q2] = 2ζ1ζ2d/dτ = −ζαεαβζβd/dτ .
They all describe the same physical system, because they represent three different ways
of calculating the same path integral, that of the noise,
Z =
∫
[Dη(τ)] e−
∫
dτ 1
2
η(τ)2 = 1 (7)
2
The normalization can be chosen so that this partition function is equal to a universal
constant, independent of the parameters of the distribution and, thus, may be set to unity.
The statement that, in fact, all three can be set equal to a universal constant, that doesn’t
depend on the dynamics, is an expression of the fact that the system is consistently closed.
To test that these three partition functions are equivalent, we use a lattice regularization
of ZQM,
Z lattQM =
∫ [N−1∏
n=0
dΦn
]
e−Slatt[Φn]
Slatt =
1
gm2latt
N−1∑
n=0
[
−ΦnΦn+1 + Φ
2
n +
m4latt
2
(
Φn +
Φ3n
6
)2] (8)
to define the measure and the action and compute the appropriately regularized correlation
functions of the noise field,
hn =
1
2
(Φn+1 − Φn−1) +m
2
latt
(
Φn +
Φ3n
6
)
(9)
(for the case of the quartic superpotential with a unique minimum) by Monte Carlo sampling
of an action that is well–defined, since it’s bounded from below, and contains only the
commuting field, φ(τ). It is the fact that the particular combination of the scalar field
defined by eq. (4), and sampled by the action of ZQM, can be shown to define a Gaussian
field, with ultra–local propagator, that expresses this equivalence. The lattice regularization
tests the irrelevance of surface terms and terms that are proportional to positive powers of
the lattice spacing. It also tests that the sign of the determinant is correctly taken into
account, albeit implicitly. A sample of the numerical results is presented in fig. that shows
that the 2–point function of the noise field on the lattice is, in fact, a δ−function, for weak
(g = 0.1) as well as for strong (g = 1.0) coupling.
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Figure 1: Monte Carlo time series, for the 2–point, functions, 〈h|n−n′|h0〉, of the noise field,
for |n− n′| < 64, for N = 128, g = 0.1 and g = 1.0. The value of m2latt = 0.0001.
A detailed presentation of results of the simulations and a fuller discussion is in prepa-
ration in an updated version of ref. [5].
In conclusion we have shown how the stochastic approach for describing the equilibrium
fluctuations of a non–relativistic particle with one–dimensional target space can quite natu-
rally be encoded by the properties of a N = 1 supersymmetric theory. The supersymmetry
3
is worldline supersymmetry and implies that the worldvolume, here the worldline, τ , be-
comes a supermanifold, (τ, θ, θ) and the target space, parametrized by the scalar field, φ,
also, becomes a supermanifold, (φ, ψ, χ, F ). What the backreaction implies is that it isn’t
possible to integrate out the anticommuting fields at fixed backrground for the commuting
fields [6].
It is, of course, natural to study how boundary conditions (the boundary degrees of
freedom were studied in ref. [7]) and constraints [8], especially of the target space, can
be taken into account, when the backreaction of the fluctuations cannot be neglected and,
further, how target space supersymmetry can be described. This is work in progress and we
look forward to reporting on it in forthcoming publications.
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